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Abstract
There is a known correspondence among modular forms, Jacobi forms and Siegel modular forms of genus 2. In this paper we
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1. Introduction
The following correspondence among elliptic modular forms, Jacobi forms and Siegel modular forms are well
studied if k  4, k ∈ Z.





Jacobi forms of weight k and index 1
⇑ (A)















4n− r2)qnξ r , q = e2πiτ , ξ = e2πiz,
and the map (B) is given by
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qnξ rq ′m, q ′ = e2πiτ ′ .
In this paper we extend the above correspondences in the case when k = 2. More precisely, we study non-
holomorphic Eisenstein series E(2)2 (Z; s), E2,1(τ, z; δ; s) and F 32 ,s(τ ;σ, δ) at s = 0 using analytic continuation to
see a correspondence. It turns out that the correspondence in the main theorem is similar to that of holomorphic case,
which was already studied by Eichler and Zagier (see [3]).
This paper is organized as follows: In Section 2 we study a Fourier expansion and its properties of Siegel–Eisenstein
series E(2)k (Z; s). Note that Fourier expansions of E(2)k (Z; s) at s = 0 has been already studied in [5,9]. However we
derive different formula to separate holomorphic terms from non-holomorphic terms in the case of s = 0 after analytic
continuation. Furthermore we define two Eisenstein series Ek,1(τ, z; δ; s),Fk− 12 ,s(τ ;σ, δ), motivated from the Fourier
expansion of E(2)k (Z; s). We see the connection between two Eisenstein series Ek,1(τ, z; δ; s), Fk− 12 ,s(τ ;σ, δ) and
known non-holomorphic Jacobi–Eisenstein series E∗k,1(τ, z; s) and Cohen–Eisenstein series Fk− 12 (τ ) taking δ → ∞.
A main correspondence via analytic continuation at s = 0 of each Eisenstein series is stated in Section 3. We state
motivation and further plan as a conclusion in Section 4. All the detailed proofs go to the final Section 5. The results
of this paper were done partly in [7].
2. Non-holomorphic Eisenstein series
In this section we study a Fourier expansion and its properties of Siegel–Eisenstein series E(2)k (Z, s). A Fourier
expansion of E(2)k (Z; s) has been already studied in [5,6,9]. However we derive different formula to separate holo-
morphic terms from non-holomorphic terms in the case of s = 0 after analytic continuation. Furthermore we define
two Eisenstein series Ek,1(τ, z; δ; s), Fk− 12 ,s(τ ;σ, δ), motivated from the Fourier expansion of E
(2)
k (Z; s). Note that
Ek,1(τ, z; δ; s) is also appeared in [6].
Let H2 = {Z =
( τ z
z τ ′
) ∈ M2×2(C) | Z = Zt , Im(Z) > 0} be the Siegel upper half plane of genus 2. The real sym-










Let us consider the Jacobi–Fourier expansion of the following non-holomorphic Siegel–Eisenstein series of
genus 2: for s ∈ C and k ∈ N:
E
(2)









k (Z; s) =
∑
m∈Z
ek,m(τ, z;v′; s)e2πimu′ . (2.1)


















































d2v, dy; δ; s)e2πinτ e2πirz
where δ ∈ R > 0.
Using the above explicit expansion of gk,m,n,r (v, y; δ; s) which is derived in Section 5, ek,m(τ, z;v′, s) can be
extended to negative k:
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det(Y )−ke−k,m(−τ¯ ,−z¯;v′; k + s) := ek,−m(τ, z;v′; s).
Next, for σ, δ ∈ R, δ > 0, k ∈ Z and s ∈ C, Re(s) > 1−k2 let












Consider the following two series:
F
k− 12 ,s(τ ;σ, δ) :=
∑
N∈Z






g−k,N (v;σ, δ; k + s)e−2πiNτ¯ ,































Proposition 2.2. For any k ∈ N,
(1)
lim
δ→∞Ek,1(τ, z; δ; s) =
(−1) k2 (2π)k+2s(4π)−svs













cτ+d +2λ zcτ+d − cz
2
cτ+d )
(cτ + d)k|cτ + d|2s .
(2)
lim
δ→∞Fk− 12 ,s(τ ;σ, δ) =
(−1) k2 (2π)k+2s
(k + s)ζ(k + 2s)
(4v)s
24sζ(3 − 2k)Fk− 12 ,s(τ )
where
F



















(mτ + n)k− 12 |mτ + n|2s
and
F
k− 12 (τ ; s) := τ








Here, the symbol ( a
b
) is the quadratic residue symbol defined in [10, p. 442].
Remark 2.3. E∗k,1(τ, z; s) and Fk− 12 ,s(τ ) have been studied in [1] and [6]. These can be analytically expanded to the
whole s-plane for k  2 (see [1] and [6]).
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In this session we study the correspondence among E(2)2 (Z; s),E2,1(τ, z; δ; s) and F 32 ,s(τ ;σ, δ) at s = 0. Note
that the Fourier expansion of E(2)2 (Z;0) has been already studied in the different form (see [5]). Here we separate
holomorphic terms and non-holomorphic terms. Before stating the main result let us set up the notations:
Notation 3.1.




(2) For v,σ, δ ∈ R,
ω(N;v;σ, δ) := Ne2πNv
1∑
μ=0
ωμ(N;v;σ, δ) with N =
{
1

















δ + π (X−(σ−2μv)W)2
v(W 2+1)
)




where f ∈ N ∪ {0} and μ = 0,1.
(3) ω¯(N;v;σ, δ) := −e4πNv+ πσ2v +δ ·ω(N;−v;−σ,−δ).

















(τ ;σ, δ) =
∑
N∈Z































































































































































vv′ − y2 − log
∣∣η(wv,y,v′)∣∣2,
γ is Euler’s constant,









1 − e2πinw) (w ∈H= {z ∈ C: Im(z) > 0})
is Dedekind’s eta function.
Remark 3.3. Note that α(v, y, v′) and wv,y,v′ are defined in [5].






(τ ;σ, δ) =
∑
n0










































































vv′ − y2 α(v, y, v
′)
n>0












































































































It is well known that there is a correspondence among elliptic modular forms, Jacobi forms and Siegel modular
forms of genus 2 by Eichler–Zagier and Saito–Kurogawa lifting (see [3]).
One may ask if this correspondence still holds for non-holomorphic case as well. As the first attempt using non-
holomorphic elliptic Eisenstein series and Jacobi–Eisenstein series the correspondence (A) (see Introduction) has
been studied in [1]. However it was not clear how to get Saito–Kurokawa lifting from non-holomorphic elliptic or
Jacobi–Eisenstein series to Siegel–Eisenstien series. This paper answers the above addressed question. It can be done
using explicit Fourier expansion of Eisenstein series E(2)2 (Z;0). Moreover one needs to seperate holomorphic terms
from non-holomorphic terms in the Fourier expansion of E(2)2 (Z;0), which is one of main part of this paper, to see
the correspondence. Furthermore, we define two Eisenstein series Ek,1(τ, z; δ; s), Fk− 12 ,s(τ ;σ, δ), motivated from the
Fourier expansion of E(2)k (Z; s). In conclusion motivated with this derived correspondence we further study general
correspondence among non-holomorphic elliptic, Jacobi and Siegel forms.









ω(n;v;σ, δ), if n = −f 2, f ∈ N,








ω¯(n;v;σ, δ), if n = −f 2, f ∈ N,
− 1
πv
ω¯(0;v;σ, δ), if n = 0,
0, otherwise.
Remark 4.2.
c(n;v,σ, δ) = c¯(n;v,σ, δ) = 0
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q¯nξ¯ r q¯ ′m.
5. Proofs
We begin with more explicit Fourier coefficient ek,m(τ, z;v′; s) of E(2)k (Z; s): The followings are derived in [6]:





, λ; τ, z) := λ2 cτ+d
aτ+b + 2λ zcτ+d − cz
2
cτ+d .
(1) For m> 0
ek,m(τ, z;v′; s) = (−1)
k
2 (2π)2s+k






















































(2) For m = 0,

































The following is a Fourier expansion of e˜k,m:
Proposition 5.2 (Fourier expansion of gk,m,n,r (v, y; δ; s)). For k ∈ Z, δ ∈ R > 0, and s ∈ C,
(1) m ∈ N:
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k
2 (2π)k+2s




































with N = Df 2, f ∈ N,D = disc(Q(√−N)), (D
.
) the Kronecker symbol, L(s, (D
.
)) =∑n1(Dn )n−s the associated
L-series, and σν(m) =∑d|m,d>0 dν (m ∈ N, ν ∈ C) (see [5, p. 85]).










(1 + it)s(1 − it)k+s dt,
with m,k ∈ Z, x > 0, Re(s) > 1−k2 . Note that αk,s(m,x) can be expressed using Whittaker function (see the proof of
Proposition 2.2 in p. 333).








(W + i)k+s(W − i)s





+ 4π (X − yW)
2
v(W 2 + 1)
)
dXdW.
(2) m = 0:
gk,0,n,r (v, y; δ; s) := (−1)
k
2 (2π)k+2s









|n|−k+1−2sαk,s(n,4πv), if r = 0 and n > 0
|n|−k+1−2sαk,s(n,4πv)e4πnv, if r = 0 and n < 0
0, if r = 0 and n = 0
⎫⎬
⎭

























ζ(k − 1 + 2s)






















(W + i)k+s(W − i)s e
−2πirXαk,s
(
0, δ + 4π (X − yW)
2
v(W 2 + 1)
)
dXdW.
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(−1) k2 (2π)k+2s












































+ Im(h(( a b
c d
)









































F˜k,m(τ, z; δ; s) =
∑
p,q∈Z
















Using Poisson summation formula the Fourier expansion of F˜k,m(τ, z; δ; s) is given as
F˜k,m(τ, z; δ; s) =
∑
n,r∈Z
γ˜k,m,n,r (v, y; δ; s)e2πinue2πirx
where





































gk,m,n,r (v, y; δ; s)e2πinτ e2πirz.














































































































+ 2λμy + λ2v
))
+ ζ(k − 1 + 2s)

















F˜0(τ, z; δ; s) =
∑
p,q∈Z
(τ + p)−k|τ + p|−2sαk,s
(












γ˜k,0,n,r (v, y; δ; s)e2πinue2πirx (Poisson summation formula),
where






(U + iv)k+s(U − iv)s e
−2πirXαk,s
(


































= μ−2k+3−4s γ˜k,0,n,μr (v, y; δ; s)










+ 2λμy + λ2v
))
+ ζ(k − 1 + 2s)




























+ 2λμy + λ2v
))
ζ(k − 1 + 2s)














μ−2k+3−4s γ˜k,0,n,μcr (v, y; δ; s)e2πinue2πirμcx.
Recall Ramanujan sum:



























































d2v, dy; δ; s)e2πinτ e2πirz. 
With this notation we have
Proposition 5.3.

























v, δ; k + s
)
e−2πinτ¯ e−2πirz¯.

























































































converges Re(s) > 1−k2 . Here











Here W˜α,β(x) = x−β− 12 Wα,β(x), where
Wα,β(x) = e
− x2 xβ+ 12
( 12 − α + β)
∞∫
0
e−xt (1 + t)α− 12 +βtβ− 12 −α dt, Re(β − α) > 0.
The elliptic property








































= gk,1,n′,r (v, y; δ; s)
if 4n−μ2 = 4n′ − r2, μ ≡ r (mod 2) and μ ∈ {0,1}. So,































4 τ¯ e−2πirz¯. 
It is known (see [4]) that F
k− 12 ,s(τ ) and E
∗
k,1(τ, z; s) can be analytically continued to the whole s-plane for k  2.
The followings are derived in [1] and [4]:
Proposition 5.4.
(1) F
k− 12 ,s(τ ) =
∑
N∈Z
fk,N (v; s)e2πiNτ .













fk,N (v; s) := 1 − i22k−2 ζ(3 − 2k)E−N(k − 1 + 2s)κk,N (v; s)+
{
24sζ(3 − 2k), if N = 0
0, if N = 0
}
,





2 |τ |−2se−2πiNτ dτ.
The following proposition can be derived using the result in [4]:
Proof of Proposition 2.2.
F
k− 12 ,s(τ ;σ, δ) =
∑
N∈Z






g−k,N (v;σ, δ; k + s)e−2πiNτ¯ .















(W + i)k+s(W − i)s e
−2πi 14v(W+i) (X+2μvW+iσ )2
× αk,s
(
1, δ + 4π (X − (σ − 2μv)W)
2
4v(W 2 + 1)
)
dXdW.
For fixed α,β ∈ C, one has
e
ω









see [6, p. 76]).
Here, Re(β − α) > − 1 and Re(s) > 0. Then, for x > 02













1, δ + 4π
(
(X − (σ − 2μv)W)2









(k + s)ζ(k + 2s) (4v)
s
{
E−N(k − 1 + 2s)1 − i2 4
−k+ 32 −2sκk,N (v; s)+
{






(k + s)ζ(k + 2s)
(4v)s
24sζ(3 − 2k)fk,N (v; s).
This finishes our claim. 
5.1. The case when s → 0
First we need the Fourier expansion of E(2)2 (Z; s). The Fourier expansion of E(2)2 (Z; s) was first derived in [8]
and [11]. In particular, we can rewrite the Fourier expansion of E(2)2 (Z; s) as the following form:
Proof of Theorem 3.2. (1) For μ ∈ {0,1} and N ≡ −μ2 (mod 4):
g2,N,μ(v;σ, δ; s) = − (2π)
2+2s





E−N(1 + 2s)γ2;1, N+μ24 ,μ(4v,σ − 2μv; δ; s)
+
{




Here, for N ≡ 0 (mod 4):









(W + i)2+s(W − i)s e
−2πi 14v(W+i) (X+iσ )2α2,s
(
1, δ + 4π (X − σW)
2
4v(W 2 + 1)
)
dXdW
and for N ≡ −1 (mod 4):
γ2,1, N+14 ,1








(W + i)2+s(W − i)s e
−2πi 14v(W+i) (X+2vW+iσ )2
× α2,s
(
1, δ + 4π (X − (σ − 2v)W)
2
4v(W 2 + 1)
)
dXdW.
Following the computation of E−N(s) in [4], we have:
(a) N > 0: E−N(s) is holomorphic at s = 1.
γ
2,1, N+μ24 ,μ


















(W + i) 32
dW = −2π√N−∞
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√
N )E−N(1) = −24H(1,N)
ζ(−1) = 288H(1,N).
(b) N < 0, not square E−N(s) is holomorphic at s = 1 and γ2;1, N+μ24 ,μ(4v,σ − 2μv; δ;0) = 0
⇒ g2,N,μ(v;σ, δ;0) = 0.
(c) N = −f 2, f ∈ N: E−N(s) has a pole of residue ζ(2)−1 at s = 1.

























1, δ + 4π (X − (σ − 2μv)W)
2















log(W 2 + 1)e−2πiNvW
(W + i)2(W 2 + 1)s
× e−2πi 14v(W+i) (X+iσ+2μvW)2α2,s
(
1, δ + 4π (X − (σ − 2μv)W)
2
4v(W 2 + 1)
)
dXdW





















1, δ + 4π (X − (σ − 2μv)W)
2







(4v,σ − 2μv; δ; s)|s=0






log(W 2 + 1)e−2πiNvW
















1, δ + 4π (X − (σ − 2μv)W)
2








∞∫ log(W 2 + 1)e−2πiNvW
(W + i) 32
dW−∞








(W + i)2 e
−2πi 14v(W+i) (X+iσ+2μvW)2
(
δ + 4π (X − (σ − 2μv)W)
2














(t + i)2 dt dX dW.




log(W 2 + 1)e−2πiNvW
(W + i) 32







log(t2 + 1)e− 12 V it

























δ + π (X − (σ − 2μv)W)
2




δ + π (X − (σ − 2μv)W)
2



















δ + π (X − (σ − 2μv)W)
2




δ + π (X − (σ − 2μv)W)
2
v(W 2 + 1)
)
dXdW.
(d) N = 0: E0(s) = ζ(2s−1)ζ(2s) has a pole of residue 3π2 at s = 1.




γ2;1,0,0(4v, y; δ; s)
)∣∣
s=0 − 24











(W + i)2 e
−2πi 14v(W+i) (X+iσ )2
(
δ + π (X −Wσ)
2




δ + π (X − Wσ)
2









288H(1,N), if N > 0;
0, if N < 0 and is not square;
576√
v
β(4π |N |v)− 288
πv







ω(0;v;σ, δ), if N = 0
= 288f2,N (v;0)− 288
πv
ω(N;v;σ, δ).





g−2,N,μ(v;σ, δ;2 + s) = − (2π)
2+2s







E−N(1 + 2s)γ−2;1. N+μ24 ,μ(4v,σ − 2μv; δ;2 + s)
+
{

















−1, δ + 4π (X − (σ − 2μv)W)
2
4v(W 2 + 1)
)
dXdW.
Following the computation of E−N(s) in [4], we have:





g−2,N,μ(v;σ, δ;2) = 0.





g−2,N,μ(v;σ, δ;2) = 0.





























−1, δ + 4π (X − (σ − 2μv)W)
2





















δ + π (X − (σ − 2μv)W)
2
v(W 2 + 1)
)
dXdW.




g−2,0,0(v;σ, δ;2) = −24 3 2
∂
γ−2;1,0,0(4v,σ ; δ; s)|s=0
π 2π ∂s







(W − i)2 e
−2πi (X+iσ )24v(W+i) e
δ+π (X−σW)2
v(W2+1)




δ + π (X − σW)
2






























g2,0,n,r (v;y, δ; s) = − (2π)
2+2s





Er2(1 + 2s)γ2,0,n,r (v, y; δ; s)
− (2π)
2+2s






|n|−1−2sα2,s(n,4πv), if r = 0 and n > 0;
|n|−1−2sα2,s(n,4πv)e4πnv, if r = 0 and n < 0;
0, if r = 0 and n = 0

















ζ(0 + 2s)E0(1 + 2s)γ2,0,0,0(v, y; δ; s)
− (2π)
2+2s




























(W + i)2+s(W − i)s e
−2πirXα2,s
(
0, δ + 4π (X − yW)
2
v(W 2 + 1)
)
dXdW.
(a) r = 0:














(W + i)2 e
−2πirX β2(0)





ω(n, r;v, y; δ).
(b) r = 0 and n = 0:
g2,0,n,r (v;y, δ;0) = −24 32π2
∂
∂s
γ2,0,n,0(v, y; δ; s)|s=0 +






ω(n,0;v, y; δ)− 24, if n > 0;
− 1152
πv
ω(n,0;v, y; δ), if n < 0.




d2v;dy, δ;0)= 1 − 18
π2
√
vv′ − y2 α(v, y, v
′).
For n = 0 or r = 0:





ω(n, r;v, y; δ), if r = 0;
− 1152
πv
ω(n,0;v, y; δ)− 24, if r = 0 and n > 0;
− 1152
πv
ω(n,0;v, y; δ), if r = 0 and n < 0.




d2v;dy, δ;0)= 1 − 18
π2
√
vv′ − y2 α(v, y, v
′).
Therefore,
e2,0(τ, z;v′;0) = 1 − 18
π2
√

































H(1,N), if N > 0
0, if N < 0 and is not square
2√
v
β(4|N |v), if N = −f 2 < 0
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